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1. Doka�zite jednakost hipergeometrijskih funkcija
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Rje�senje. Doka�zimo prvo Pfa�ov identitet:
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Naime, lijevu stranu mo�zemo raspisati na sljede�ci na�cin:
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Za koe�cijent uz zn vrijedi:
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Zaklju�cujemo da je koe�cijent uz zn jednak (iskoristimo hipergeometrijski oblik Van-
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Prema tome,

(1 − z)−aF

(
a, b

c

∣∣∣ −z

1 − z

)
= F

(
a, c − b

c

∣∣∣ z) .

Sad dvaput iskoristimo Pfa�ov identitet da doka�zemo tra�zenu jednakost:

(1 − z)c−a−bF

(
c − a, c − b

c

∣∣∣ z) = (1 − z)−bF

(
c − a, b

c

∣∣∣ −z

1 − z

)
= F
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c

∣∣∣ z)
2. Odredite funkciju izvodnicu za niz (an)n∈Z+ zadan rekurzivno:

a0 := 1, a1 := 1, an := 1 + an−1 + 2an−2 + 2an−3 + · · ·+ 2a0, n > 2.

Rje�senje. Primijetimo prvo da za n > 2 vrijedi:

an+1 − an = 1 + an + 2an−1 + 2an−2 + · · ·+ 2a0 − (1 + an−1 + 2an−2 + · · ·+ 2a0)

= an + an−1

Prema tome, rekurziju mo�zemo zapisati na ekvivalentan na�cin:

a0 = 1, a1 = 1, a2 = 4, an = 2an−1 + an−2, n > 3.

Ako pretpostavimo da je an = 0 za n < 0, mo�zemo pisati:

an = 2an−1 + an−2 + [n = 0] − [n = 1] + [n = 2], cijeli n.

Pomno�zimo obje strane sa zn i sumirajmo po n:∑
n
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∑
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anzn + z2
∑
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∑
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zn −
∑
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∑
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G(z) = 2zG(z) + z2G(z) + 1 − z + z2

G(z) =
1 − z + z2

1 − 2z − z2

= −1 +
A

1 − ξ1z
+

B

1 − ξ2z

Tu smo rastavom na parcijalne razlomke dobili brojeve:
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√

2 ξ2 = 1 −
√

2

A =
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ξ1 − ξ2
B =

2ξ2 − 3
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Razvojem G(z) u red potencija dobivamo:
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1 + Bξn
2 − [n = 0]
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Sad imamo jednostavan izraz za �clanove niza:

an = Aξn
1 + Bξn

2 − [n = 0], cijeli n > 0 .
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